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1.
$f(x+t, y)+f(x-t, y)=f(x, y+t)+f(x, y-t)$ . (W1)
J. Aczel, H. Haruki, M. A. McKiernan and G. N. $\mathrm{S}\mathrm{a}\mathrm{k}\mathrm{o}\mathrm{v}\mathrm{i}\dot{\mathrm{c}}$ 1968 [1, p.46]
(W1)
M. A. McKiernan 1972 $[9]_{\text{ }}$
D. Girod 1973 [2] H. Haruki 1970 [4]
$(G, +)$ 2 $C$ $\ovalbox{\tt\small REJECT} \text{ _{}\backslash }$
2 $f$ : $G\cross Garrow C$ (W1)
$f(x+t,y+t)+f(x+t,y-t)+f(x-t, y+t)+f(x-t,y-t)$
$=f(x+2t,y)+f(x-2t, y)+2f(x, y)$ . (W2)
$f$ ($x+$ $y+t$) $+f(x+t,y-t)+f(x-t,y+t)+f(x-t,y-t)$
$=f(x, y+2t)+f(x,y-2t)+2f(x,y)$ . (W3)
[4, p.118] [9, p.263] $1_{\mathit{1}}\mathrm{a}$




$g(x+t, y+t)$ $g(x-t, y-t)=g(x+t, y-t)+g(x-t, y+t)$ . (W4)
(W1) (W4) (1.1)
H. Haruki [3] ( Jan. 24, 1969)
(H-1)
$f1(X+t, y+t)$ $f_{2}(x-t, y-t)=f_{1}(x+t, y-t)+f_{2}(x-t, y+t)$ . (P1)
(H-1) 4
3 $f_{1},$ $f_{2}$ : $G\mathrm{x}Garrow C$ (P1)
H. Haruki [3] ( March 14, 1968 )
(H-2) $f_{1},$ $f_{2},$ $f_{3}$ $f_{4}$ $f_{1},$ $f_{2},$ $f_{\mathrm{S}},$ $f_{4}$
$f1(x+t, y)+f_{2}(x-t, y)=f_{3}(x, y+t)+f_{4}(x, y-t)$ . (P2)
$f_{1},$ $f_{2},$ $f_{3},$ $f_{4}$ : $G\mathrm{x}Garrow C$




$t\in G$ $X^{t}$ $Y^{t}$
$X^{t}f(x, y)=f(x+t, y)$ , $Y^{t}f(x, y)=f(x, y+t)$ .
$I=X^{0}=Y^{0}$




$(X^{t}+X^{-t})f(x,$ $y)=$ ( $Y^{t}$ $Y^{-t}\backslash$) $f(x, y)$ (2.1)
$Y^{t}+Y^{-t}$
$(X^{t}+X^{-t})(Y^{6}+Y^{-t})f(x, y)=(Y^{t}$ $Y^{-t})^{2}f(x, y)$ .




$=$ ($Y^{4t}$ $Y^{-4t}+4Y^{2t}+4Y^{-2t}+6$ ) $f(x, y)$ (2.3)
(W2) $t$ $2t$
$(X^{2t}Y^{2t}+X^{2t}Y^{-2t}+X^{-2t}Y^{2t}+X^{-2t}Y^{-2t})f(x, y)$
$=(Y^{4t}+Y^{-4t}+2)f(x, y)$ . (2.4)
(2.3) (2.4)
$(2X^{2t}+2X^{-2t})f(x, y)=(2Y^{2t}+2Y^{-2t})f(x, y)$




$(K, +)$ 2 21 $C$ $K$
21 (W1) M. A. McKiernan [9, p.264, THEOREM]
( D. Girod [2, pp.157-158, (2.2) THEOREM] ) 21
$f$ : $G\mathrm{x}Garrow K$ (W2) (W3)
3 :
(i) 2 $\alpha,$ $\beta$ : $Garrow K$
22
(ii) $A:G\mathrm{x}Garrow K$
( $A(x,$ $y)=-A(y,$ $x)$ $A(x,$ $y+z)=A(y,$ $x)+A(x,$ $z)$ )
(iii) $f$ : $G\mathrm{x}Garrow K$ (i) (ii)
$f(x, y)=\alpha(x+y)+\beta(x-y)+A(x, y)$ , $\forall x,$ $y,$ $t\in G$ (2.5)







3.1. 2 $f_{1},$ $f_{2}$ : $G\mathrm{x}Garrow C$ (P1)
3 $\alpha,$ $\beta,$ $\gamma$. : $Garrow C$
$A:G\mathrm{x}Garrow C$ $x,$ $y\in G$
$f_{1}(x, y)=\alpha(x)+\beta(y)+A(x, y)$ (8.1)
$f_{2}(x, y)=\gamma(x)+\beta(y)+A(x, y)$ (3.2)
( ) (P1)
$(X^{t}Y^{t}-X^{t}Y^{-t})f1(x, y)=(X^{-}T-X^{-t}Y^{-t})f_{2}(xy\})$. (3.3)








$(Y^{t}-Y^{-t})f_{1}(x, y)=(Y^{t}-Y^{-t})f_{2}(x, y)$ ,
$f_{1}(x, y+t)-f_{1}(x, y-t)=f_{2}(x, y+t)-f_{2}$ ($x,$ $y$ $t$)
$fi(x,y+t)-f_{2}(x,y+t)=f_{1}(x,y-t)-f_{2}(x,y-t)$ (3.4)
$h:G\rangle\langle$ $Garrow C$ $h(x, y)=f_{1}(x, y)-f_{2}(x, y),$ $\forall x,$ $y\in G$
(3.4)
$h(x, y+t)=h(x, y-t)$
$t=y$ $h(x, 2y)=h(x, 0)_{\text{ }}$ $h(x, y)=k(x)$
$k$ : $Garrow C$ $k(x)=h(x, 0),$ $\forall x,$ $y\in G$
$f_{2}(x, y)=f1(x, y)-k(x)$ $f_{2}(x, y)$ (P1) $f1(x, y)$ $1_{\sqrt}\mathrm{a}$
$f_{1}(x+t, y+t)+f_{1}(x-t, y+t)=f_{1}(x-t, y+t)+f_{1}(x-t,y-t)$ (3.5)
1 (W4) [9, p.264, THEOREM]
[2, pp.157-158, (2.2) THEOREM] (2 (2.5) (1.1) $1_{\sqrt}\mathrm{a}$ ) 1
$f_{1}(x, y)$ (3.1) (11)
(3.1) $f_{2}(x, y)=f1(x, y)-k(x)$ (3.2)
$\gamma$ : $Garrow C$ $\gamma(x)=\alpha(x)-k(x)$
3.1
3.1 $\ovalbox{\tt\small REJECT}\mathrm{h}_{\text{ }}2$ $K$
4. (P2)
(P2)
$f_{1},$ $f_{2},$ $f_{3},$ $f_{4}$
41. $f_{1},$ $f_{2},$ $f_{3},$ $f_{4}$ : $G\mathrm{x}Garrow C$ $x_{)}y,$ $t\in G$
(P2)
(i) $A$ : $G\mathrm{x}Garrow C$
24
(ii) $B_{1},$ $B_{2}$ : $G\mathrm{x}Garrow C$
(iii) $\alpha,$ $\beta,$ $\varphi_{17}\varphi_{2},$ $\psi_{1},$ $\psi_{2},$ $\chi_{1},$ $\chi_{2}$ : $Garrow C$
$x,$ $y\in G$
$fi(x, y)=A(x_{7}y)+B_{1}(x+y, x-y)$
$f_{2}(x, y)=A(x, y)-B_{1}(x+y, x-y)$
$+\alpha(x+y)+\beta(x-y)+\varphi_{2}(x+y)+\psi_{2}(2x)+\chi_{2}(-x+y’,))+\alpha(x+y)+\beta(x-y)-\varphi_{1}(x+y)-\psi_{1}(x-y)-\chi_{1}(2y)+\alpha(x+y)+\beta(x-y)+\varphi_{1}(x+y)+\psi_{1}(x-y)+\chi_{1}(2y)+\alpha(x+y)+\beta(x-y)-\varphi_{2}(x+y)-\psi_{2}(2x)-\chi_{2}(-x+y)\ovalbox{\tt\small REJECT}$ (4.1)
$f_{3}(x, y)=A(x, y)+B_{2}(x+y, 2x)$
$f_{4}(x, y)=A(x, y)-B_{2}(x+y, 2x)$
4.1 2
4.1. 4.1 $S$ : $G\mathrm{x}G-C$
$S(x, y)= \frac{1}{2}(f_{1}(x, y)+f_{2}(x, y)),$ $\forall x,$ $y\in G$ 3 (W1)
$\alpha,$
$\beta$ : $Garrow C$ $A$ : $G\cross Garrow C$
$S(x, y)= \frac{1}{2}(f_{1}(x, y)+f_{2}(x, y))$
$= \frac{1}{2}(f_{3}(x, y)+f_{4}(x, y))$ (4.2)
$=\alpha(x+y)+\beta(x-y)+A(x, y)$ , $\forall x,$ $y\in G$
( ) (P2) $t=0$
$f_{1}(x, y)+f_{2}(_{X_{\rangle}}y)=f_{3}(x, y)+f_{4}(x, y)$
$=2S(x, y)$
(P2) $t$ (P2)
$S(x+t, y)$ $S(x-t, y)=S(x, y+t)$ $S(x, y-t)$ .
(W1) M. A. McKcernan [9, p.264, THEOREM]
$\alpha,$
$\beta,$ $A$ $x,$ $y,$ $t\in G$
(4.2)
25
$f_{1}(x, y)-f_{2}(x, y)$ $f_{3}(x, y)-f_{4}(x, y)$
4.1 $f_{1},$ $f_{2},$ $f_{3},$ $f_{4}$
42, 4.1 $T,$ $U:G\mathrm{x}Garrow C$
$T(x, y)= \frac{1}{2}(f_{1}(x, y)-f_{2}(x, y))$ , $U(x, y)= \frac{1}{2}(f_{3}(x, y)-f_{4}(x, y))$ , $\forall x,$ $y\in G$
$T,$ $U$
$U(x, y+2t)+U(x+t, y-t)+U(x-t, y-t)=U(x, y-2t)+U(x-t, y+t)+U(x+t, y+t)$.
(E1)
$T(x+2t, y)+T(x-t, y+t)+T(x-t, y-t)=T(x-2t, y)+T(x+t, y+t)+T(x+t, y-t)$ . $(E2)$
( ) (P) $t$ $-t$ (P2)
$T(x+t, y)-T(x-t, y)=U(x, y+t)-U(x, y-t)$ . (4.3)
(43) $x$ $x+t$
$T(x+2t, y)-T(x, y)=U(x+t, y+t)-U(x+t, y-t)$ (4.4)
$t$ $-t$
$T(x-2t, y)-T(x, y)=U(x-t, y-t)-U(x-t, y+t)$ . (4.5)
(4.3) $y$ $y+t$
$T(x+t, y+t)-T(x-t, y+t)=U(x, y+2t)-U(x, y)$ (4.6)
$t$ $t$
$T(x-t, y-t)-T(x+t, y-t)=U(x, y-2t)-U(x, y)$ (4.7)
(4.4) (4.5) (4.6) (4.7)
2
$T(x+2t, y)-T(x-2t, y)=U(x+t, y+t)-U(x+t, y-t)-U(x-t, y-t)+U(x-t, y+t)$ .
(4.8)
$U(x, y+2t)-U(x, y-2t)=T(x+t, y+t)-T(x-t, y+t)-T(x-t, y-t)+T(x+t, y-t)$ . $(4.9)$
(4.3) $t$ $2t$
$T(x+2t, y)-T(x-2t_{7}y)=U(x, y+2t)-U(x, y-2t)$ (4.10)
2 $\mathrm{G}$
(4.8) (4.10) (E1) (4.9) (4.10) (E2)
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( 4.1 ) (E1) (E2) (4.12)
(4.13) $V,$ $W$ : $G\rangle\langle$ $Garrow C$
$V(u, v)=U(x, y)$ , $W(u, v)=T(x, y)$ , $\forall x,$ $y\in G$
$u=x+y,$ $v=x-y$ (4.11)
(E1) (E2) $2t$ $t_{\text{ }}u$ $v$ $x$ $y$
2
$V(x+t, y-t)+V(x, y+t)+V(x-t, y)=V(x-t, y+t)+V(x, y-t)+V(x+t, y)$ . $(4.12)$
$W(x+t, y+t)+W(x, y-t)+W(x-t, y)=W(x-t, y-t)+W(x+t, y)+W(x, y+t)$ . $(4.13)$
$W(x, y)$ (E3)
$f(x+t, y+t)+f(x, y-t)+f(x-t, y)=f(x-t, y-t)+f(x, y+t)+f(x+t, y)$. $(E3)$
(E3) [5, p.5, (23)], [10], [6, p.213, (87)]
[6, pp.256-260, Problem(7)]
[6, pp.213-216] [8, p.207, (3.25)]
(E3) P. K. Sahoo and L. Szekelyhidi [11, p.282, Theorem
1] $f$ : $G\mathrm{x}Garrow C$
(E3) $B$ : $G\mathrm{x}Garrow C$
$\varphi,$
$\psi,$
$\chi$ : $Garrow C$
$f(x, y)=B(x, y)+\varphi(x)+\psi(y)+\chi(x-y)$ (4.14)
(4.14) (4.11)
$T(x, y)=B_{1}(x+y, x-y)+\varphi_{1}(x+y)+\psi_{1}(x-y)+\chi_{1}(2y)$ (4.15)
$B_{1}$ : $G\cross Garrow C$ $\varphi_{1},$ $\psi_{1},$ $\chi_{1}$ : $Garrow C$
$M$ : $G\mathrm{x}Garrow C$
$M(u, v)=V(x, y)$ , $\forall x,$ $y\in G$ , $u=x,$ $v=x+y$ (4.16)
27
(4.12) $M$
$M(x+t, y)+M(x-t, y-t)+M(x, y+t)=M(x-t_{7}y)+M(x+t, y+t)+M(x, y-t)$
$M(x, y)$ (E3) (4.14) (4.16)
$\tilde{B}_{2}$ : $G\mathrm{x}Garrow C$ $\tilde{\varphi}_{2},\tilde{\psi}_{2},\tilde{\chi}_{2}$ : $Garrow C$
$V(x, y)=\tilde{B}_{2}(x, x+y)+\tilde{\varphi}_{2}(x)+\tilde{\psi}_{2}(x+y)+\tilde{\chi}_{2}(-y)$ (4.17)
(4.17) (4.11) $B_{2}$ : $G\mathrm{x}Garrow C$ $\varphi_{2},$ $\psi_{2},$ $\chi_{2}$ :
$Garrow C$
$U(x, y)=B_{2}(x+y, 2x)+\varphi_{2}(x+y)+\psi_{2}(2x)+\chi_{2}(-x+y)$ (4.18)
4.1 42
$f_{1}(x, y)+f_{2}(x, y)=2S(x, y)$
$f_{3}(x_{2}y)+f_{4}(x, y)=2S(x, y)$
$f_{1}(x, y)-f_{2}(x, y)=2T(x, y)$
$f_{3}(x, y)-f_{4}(x, y)=2U(x, y)$
$2S$ (W1) $2T,$ $2U$ (E1)
(E2) $4\mathrm{f},\text{ }$ (W1), (E1), (E2) 41 41
$f_{1},$ $f_{2},$ $f_{3}$ $f_{4}$
$S,$ $T$ , $U$
(4.1)
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